In [EH99], Erdős and Hall studied the angular distribution of Gaussian integers with a fixed norm. We generalize their result to the angular distribution of integral ideal numbers with a fixed norm in any quadratic extension.
Introduction
In [EH99] , Erdős and Hall studied the angular distribution of Gaussian integers with a fixed norm, which, geometrically, is the same as studying the distribution of points with integral coordinates on a circle. Even though the arguments of Gaussian integers with a fixed norm are not uniformly distributed in [0, 2π), Erdős and Hall showed that their discrepancy is fairly small.
One can extend their result to other quadratic extensions. Since Z[i] is a principal ideal domain, the result mentioned previously can be seen as a study of the arguments of the generators of the integral ideals of a given norm over Z [i] . In a general quadratic extension, the ring of integers might not be a principal ideal domain. However, in [Hec18, Hec20] , Hecke introduced the concept of ideal numbers, based on an idea from Kummer's work on cyclotomic fields. Hecke's idea consists in representing ideals by specific algebraic numbers. More precisely, to any integral ideal we can associate algebraic numbers which divide any element of the ideal. These are called integral ideal numbers.
In the case of a principal ideal domain, the possible generators of an ideal and the associated ideal numbers coincide. Therefore, the result of Erdős and Hall is in fact a study of the argument of integral ideal numbers of a given norm in Q(i). In this paper, we generalize, using their method, their result to any quadratic extension.
If h > 1, the class group has a basis, say the classes B1, . . . , B k , with order c1, . . . , c k . In each class Bi, we choose one ideal bi. By definition of a basis, every ideal is equivalent to a unique product b
with 0 ≤ mi < ci. Therefore, for any ideal a, there exists c ∈ K, such that
βi where we fix some choice of ci-th root of βi. Define α = cω
α is called an ideal number associated to the ideal a.
If h = 1, any ideal is principal. If a = (a) is an ideal, the set of ideal numbers associated to a is defined as the set of |U| elements of the form ua, with u a unit of O K .
One can easily extend the multiplication from the set of ideals to the set of ideal numbers. Notice that the map from the set of ideal numbers to the set of ideals given by
is a surjective homomorphism with kernel U, and is therefore |U|-to-1.
Ideal numbers split into h different classes, corresponding to the ideal classes. One can also easily prove that the set of ideal numbers associated to a is the set of complex conjugates of the ideal numbers associated to a.
An ideal number α is said to be integral if α is an algebraic integer, i.e. if and only if the corresponding ideal is an integral ideal. The norm on an integral ideal number α is defined as the norm of the corresponding ideal. An integral ideal number α is said to be a prime ideal number if the corresponding ideal is a prime ideal.
Notice that the set of integral ideal numbers inherits a property of factorization in prime ideal numbers from the corresponding property on integral ideals. This factorization is not unique, since each prime ideal number can be chosen up to a unit. However, if we impose the prime ideal numbers appearing in the prime factorization to have argument in [0,
), the factorization becomes unique.
Argument of an integral ideal number in a quadratic extension
, h be the class number and U be the set of units. We recall that
denotes the Kronecker symbol. It is classical that
[p] = PP with P a prime ideal such that
We can easily deduce that, for n to be the norm of an ideal over O d , we need to have γr even. We write γr = 2γ r .
The prime ideal numbers corresponding to P are the conjugates of those corresponding to P. Therefore, amongst the prime ideal numbers corresponding to P and P, there is exactly one with argument in [0,
). We denote it by πp and denote by φp its argument.
Write ηq for the prime ideal number corresponding to Q with argument in [0,
). In fact, since Q = Q, ηq has argument 0. Then, every integral ideal number of norm n is of the form
where 0 ≤ k ≤ |U| − 1 and any element of this form is an integral ideal number of norm n. Definition 1. Let r(n) be the number of integral ideal numbers of norm n. We denote G the set of integers n with r(n) > 0.
Remark 1 : From the previous observations, r(n) > 0 if and only if n is of the form
and, in this case,
where the sum is over the possible choices of 0 ≤ δp ≤ αp.
for some 0 ≤ δp ≤ αp and for some 0 ≤ k ≤ |U| − 1. Then,
Reciprocally, any angle of this form is the angle of some integral ideal number of norm n.
In Theorem 4 of [Kub52] , Kubilyus states the Prime Ideal Number Theorem in sectors. This result gives information about the distribution of prime ideal numbers in a given class in angular sectors. We give here a version of this theorem with a weaker error term, which will be enough for our proof.
Theorem 1 (Kubilyus) . Let x > 3 and 0 ≤ θ1 ≤ θ2 ≤ 2π. Let Π(θ1, θ2, x) be the number of prime ideal numbers of Q(i √ d) of norm less than x, in a given class, with argument between θ1 and θ2. Then,
for some positive constant c.
We need two additional facts about the set G. The first one, due to Bernays [Ber12] , is an asymptotic for the cardinality of the elements in G less than x, while the second one gives us information about the number of prime divisors of the integers in G.
Lemma 2. There exists a constant κ d , depending only on d, such that
Lemma 3. Let ω(n) be the number of prime divisors of n. Then, all but o
Proof. On can show, using the asymptotic of Lemma 2, that n∈G n≤x
This implies that n∈G n≤x
This suffices to prove the result.
3 The distribution of ideal numbers with a given norm Definition 2. Let Φn be the set of arguments of integral ideal numbers of norm n. The discrepancy ∆(n) of the set Φn is
where the asterisk denotes that if the angle is α or β, it counts for 1 2
.
Using the method of Erdős and Hall, we will prove the following upper bound for the discrepancy:
Theorem 2. Let ε > 0. Then, for all the integers less than x in G, with at most o (|G ∩ [0, x]|) exceptions, we have
Remark 2 : The trivial upper bound on ∆(n) is r(n). Theorem 2 improves it by a power of log. This is still a substantially better bound, since r(n) is itself a power of log. More precisely, for any n ∈ G, r(n) ≤ d(n), the divisor function. Let Ω(n) be the number of prime divisors of n counted with multiplicity. Similarly to Lemma 3, one can prove that Ω(n) < (
( 1 2 +ε) log 2 for almost all the integers n in G less than x.
To obtain the desired bound for ∆(n), for a fixed positive real number y, we study the average of
over the set G and show that it is fairly small. We need to use the classical upper bound for the discrepancy, uniform in T , due to Erdős and Turán [ET48a, ET48b] ,
Remark 3 :
where the sum is over the possible choices of 0 ≤ δp ≤ αp. Therefore,
Note that
is also multiplicative,
is a multiplicative function on G.
Using the previous upper bound,
Both sums will be estimated using the following inequality, proven by Kátai [Kát76] :
Lemma 4. Let f (n) be a non-negative multiplicative function, with f (p k ) ≤ Ck for every prime power p k .
Then,
where the constant c only depends on the constant C.
This inequality can be easily applied to the two sums above. For p k ∈ G, from Remark 1 and Remark 3, we have, for t ≡ 0 mod |U|,
Therefore, applying Lemma 4 to the first and second sum,
We are now left with estimating
For any p, θp ∈ (0, π
|U |
). We split this interval in intervals Ej of length π t such that, on each of these, cos(tθ) has a constant sign. More precisely, let
Notice that j is indeed an integer since t ≡ 0 mod |U|. We have, for any real number k, Theorem 1 (where the equality is multiplied by h, since we do not consider a specific class), we get that * p≤k φp∈E j
Estimating the two other sums with a similar method, we can deduce that, for any 2
using Abel's formula for the second sum. Now, let log w = (c −1 log t) 2 (so that the two error terms are equal).
Then, uniformly in t,
Hence,
taking T = log x and y = π 2
. Now, from Lemma 3,
integers in G. This gives us the desired result.
Angle of a integral representation by a quadratic form
In what follows, we call a representation of n by f a solution over the integers of the equation f (x, y) = n.
It is classical that there is an isomorphism between the classes of primitive integral binary quadratic forms of discriminant −d and the classes of ideals in O d , which associates the ideal [a,
] to the form ax 2 + bxy + cy 2 .
In this section, we will use indifferently the same notation for a class of forms or a class of ideals. More precisely, if f is a reduced primitive binary quadratic form of discriminant −d, we write C f for the class of forms equivalent to f and for the corresponding class of ideals over O d . We also denote by C Definition 3. Let f (x, y) = ax 2 + bxy + cy 2 be a reduced primitive binary quadratic form of discriminant −d and let n be an integer represented by f . Let
where N is the norm in
and αx 0 ,y 0 = a(x0 − τ f y0), be a representation of n by f . We define the angle of this representation of n by f by arg(f (x0, y0) = n) = arg(αx 0 ,y 0 ) . ) maps the ellipse to a circle of radius √ n, by completing the squares, from which we can parametrize the ellipse. The angle of the representation f (x0, y0) = n is the value of this parameter.
For a reduced primitive binary quadratic form of discriminant −d, f (x, y) = ax 2 + bxy + cy 2 and an integer n represented by f , there is a |U|-to-one correspondence between the representations of n by f and the ideals of norm n in C f . More precisely (see, for example, [Cox89] for more details), let f (x0, y0) = n be a representation of n by f . For any unit u k of O d , there exists a unique couple (x 0 , y 0 ) such that
is another representation of n by f . We call such a representation a representation equivalent to f (x0, y0) = n. We can group together to these |U| equivalent representations and we associate to this set of |U| representations the ideal αx 0 ,y 0 [1, τ f ].
One class per genus
We recall that two forms of discriminant −d are in the same genus if they represent the same values in Z/dZ. Therefore, two forms in the same class will always be in the same genus, and in fact each genus consists of the same number of classes of forms. It is classical that, if there is only one class per genus, any integer coprime with 2d will be represented by a unique class of quadratic forms, or, equivalently, there is a unique class of ideals containing an ideal of norm n, and therefore a unique class of ideal numbers containing an integral ideal number of norm n.
Theorem 3. Suppose that d is such that there is one class per genus. Let G f be the set of n ∈ G with r f (n) > 0. Let ε > 0. Then, for all the integers in G f less than x, with at most
Remark 6 : In [Ber12], Bernays in fact proves a stronger result than the one given in Lemma 2:
Proof. We just need to prove that, if r f (n) > 0, we have r f (n) = r(n). Then, we will always have ∆ f (n) = ∆(n) if n ∈ G f , which gives us the desired result. Let n = mk with 
